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# -G subgroup of
G

.

G finte group

[2 : H] =
# GH

(number of distinct left

cosets)

1 H 1 = cardinality of H

12) = [G : HJ . IH1

12:

Conclude : if I < G
,
the

1H11G)

#day : Apply this to classify all groups
of size 6



Lemma : if G is a
finit group

-

of even order
,
then there exists

a element of order 2 in order of

group GFX
.

= # elts of
G

Warning : Say 121 = 24 ·te of
Xt G is

Possible subgroup
sizes of G

I
smallest n
S. t. x= 1

are ! R

103
,
4
,
6
,
12
,24

<x) = subgp

X

But Lagrange's theorem does not Teentell you
that you actually x1

,

x
2
...]

have a subgroup of each size 1(x))= ord(X)

#roofof Lemma
: For each a G

, pai
a

Ea
,
any

If a has order 2
,
then a

t
= a Since

az = 1



conversely if a = al (a = 1)

then a
2
=
1.

5 I&a
,
aiy) = 2 <) ord(a) =2

a

So now look at all elements of G

Assume there is no element of order 2

So then the pairs &a
,
a at

always have size
2.

So every
element a #1 lives in exactly

one such pair , so how may elements does

G have ?

(G) = 1 + 2 . k
z

wa

a= 1
# of distinct pairs La,aiy



=>161 is o
contradiction

. So

one of the pairs Sa
,
a+3 has

Size 1 si- e . a2 -1
.

#

In homewark : let IG1 = 35 , show

that G has an element of order

S or 7

idea : Assume G has no
elements of

-

order 5
,
so all elements ofG

have order
X
if xst.

x3=2
2 no small⑪ .. G power is
equal to

1.
T

only one
(Check : x has-

element of order 1 (e) order 5)

i every element has order f or 7
,

the



show that 1 G1 = 1 + 7 E.

So far: 11 = 6 then G has some

-

element of order 2.

Extreme case : Suppose all elements of

2 satisfy

=1 for all x G .

=> G iS abelian !

why ? Given a. b e G went :

-

ab = Ga
.

Our assumption that x = 1
all x +G

- 1

i . e . For ever
x + G

,

x = x

-

-. a = 6 a = (ab)" = ab
-

-

-

IG1 = 60 Possible orders of elements are

& 12,



rop : If 121 = 6
,

the 2 has

to have an elementx of order
-

Proof: assume all
elements of G

have order 2 (except for rid) ,
te

eves +2 satisfies x2 =
1
.

T
if2 has element of order 6

,
it

automatically has element of
order 3 :

x = 1. = (x2 = 1
.

& no smalle power
= 1
,
a= x a3 =1

az = (x2)2= xY +2)

so if all x-G satisfy x2 = 1 the

2 is abeliant

Pid a
,
6 EG orde

2 a
,
871

a+ 6.



#,
ap !Claim:
-

- -

Why? a .
(c . b) = a

2 b = 6

a = a
,
8 = b,

(a8)" = ab

back fa= a

so Ik1 / 1) S
contradiction !

/ "S
4

So no
such I exists, we

element in2 Satisfying 42=1

every

is fulse !
-

1G1 = 6
Summarize :

- identity ↳
-

- has element y
of order z

- has elementv of order 3



H= 21
,
x
,
x-] 1 G.

Could y H ? No : y
has order 2.

So yH

Remember : coset yH = HE) y =H.

a : Since y H, YH -H =0

list H = ( 1
,
x

,
x>

yH = Sy , yx,yxty

Now 161 = 6
,
so

G= vyH

i. e. G= (1
,
x , , 3 . 3

x
- yx]

&-

But what is the multiplication law an

this set ?

x3= 1
,

y
2
=1

.

Claim : all we need to do is determine
m-



What 13 xy ?
Xy = X

- y =1.

Could xyX(,*, +23xy
= xx

-

OR e[y , yx , yx]

xy =ynq! = X =1
.

(A)

S
Only possibilities : xy

= 3 (B)

Fact : Once we pick (A) on1B) the
-

entire group
multiplication law is determined

by 3 rules : x3= 1
, 3=1, 2(A)-

- R
(B)

G= (1
,
x , xz

,
y
,
3x
,

Es suppose⑮Ex . 2x23

Compute : - 2x
2 =? y

-X



X - X -

y
. X - X

---

Y . X - X . X - X =

y - X

-

(see notes for general proof

So now it seems like we
have

at most 2 possibilites for groups

of order 6.

(A) * = 1, y2 = 1
,
xy =yx

abelian : C
-

this is just 6

or Cyclic group of
order 6

( = <z) z2 = x
,
z3 =y

(B) 23 : 1
,

32 = 1, Enyx
-yx =x2y

=> The Sz !
-group




