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1. Review: normal subgroups

Last time we introduced the notion of normal subgroups.

Definition 1.1. A subgroup N ≤ G is said to be normal if
gNg−1 ⊆ N for every g ∈ G.

As we saw last time, this is equivalent to requiring
gNg−1 = N for allg ∈ G.

We write N ⊴ G to mean that N is a normal subgroup.

We gave some concrete examples of normal subgroups, but here is a general fact: normal subgroups
arise naturally as kernels of group homomorphisms.

Proposition 1.1. If φ : G → H is a homomorphism, then ker(φ) ⊴ G.

Proof. We already know that ker(φ) is a subgroup. If a ∈ ker(φ) and g ∈ G, then

φ(gag−1) = φ(g)φ(a)φ(g)−1 = φ(g)eHφ(g)−1 = eH .

Thus gag−1 ∈ ker(φ), as required. □

We will see later in the course that the converse also holds: every normal subgroup of G is the
kernel of some homomorphism with domain G.

Example 1.1. Recall our example from last time about the group
S3 = {1, x, x2, y, xy, x2y}, x3 = 1, y2 = 1, yx = x2y.

Its subgroups and their inclusions are depicted as follows:

S3

N := ⟨x⟩
= {1, x, x2}

L := ⟨y⟩
= {1, y}

⟨xy⟩
= {1, xy}

⟨x2y⟩
= {1, x2y}

{1}

1
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We argued last time that N ⊴ S3 (there we called it H) but that L is not normal. The same kind of
computation shows that ⟨xy⟩ and ⟨x2y⟩ are not normal either (exercise). Thus, by Proposition 1.1,
none of the three subgroups of order two can be the kernel of a homomorphism. But is N a kernel?
We will see shortly that it is: N is the kernel of the sign homomorphism.

2. More examples: determinant and sign

Example 2.1 (The determinant homomorphism). Multiplicativity of the determinant says that

det : GLn(R) −→ R∗, A ↦−→ det(A), (2.1)

is a homomorphism, where R∗ = R \ {0} is a group under multiplication. Its kernel is

ker(det) = SLn(R) = {A ∈ GLn(R) : det(A) = 1}.

Since kernels are normal, SLn(R) ⊴ GLn(R).

Next we construct the sign homomorphism on Sn. We give two constructions: Approach A is
combinatorial and builds on Lecture 5, while Approach B uses linear algebra and the determinant.
Throughout, {±1} denotes the group with two elements under usual multiplication, with identity 1.
Up to isomorphism, it is the unique group with two elements.

Approach A: parity of permutations. Recall from Lecture 5 that σ ∈ Sn is even if it can be
written as a product of an even number of simple transpositions, and odd otherwise. We proved
there that this is well defined: no permutation can be written both as a product of an even number
and as a product of an odd number of simple transpositions. Since σ = si1 · · · sik

with k = ℓ(σ), the
permutation σ is even exactly when ℓ(σ) is even.

Definition 2.1 (Sign). The sign of σ ∈ Sn is

sgn(σ) = (−1)ℓ(σ) =
{︄

+1, if σ is even,
−1, if σ is odd.

(2.2)

Proposition 2.1. The map sgn : Sn → {±1} is a homomorphism.

Proof. Let σ, τ ∈ Sn, and write σ as a product of a simple transpositions and τ as a product of b
simple transpositions. Concatenating the two expressions writes στ as a product of a+ b simple
transpositions. Since parity is well defined, (−1)a = sgn(σ) and (−1)b = sgn(τ). Therefore,

sgn(στ) = (−1)a+b = (−1)a(−1)b = sgn(σ) sgn(τ).

□

In other words, the multiplication rule in {±1} has exactly the parity table of permutations:

even odd
even even odd
odd odd even

Approach B: permutation matrices. We next construct the sign homomorphism geometrically.
For σ ∈ Sn, let e1, . . . , en be the standard basis of Rn and define the permutation matrix [σ] by

[σ]ei = eσ(i). (2.3)
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Equivalently, the ith column of [σ] is eσ(i). If Eij denotes the matrix with a 1 in row i, column j,
and zeros elsewhere, then

[σ] =
n∑︂

i=1
Eσ(i),i. (2.4)

Example 2.2. For σ = (1 2 3) ∈ S3,

[σ] =

⎛⎝0 0 1
1 0 0
0 1 0

⎞⎠ , [σ]

⎛⎝x1
x2
x3

⎞⎠ =

⎛⎝x3
x1
x2

⎞⎠ .

Warning
The entry in output position j is xσ−1(j). Indeed, the ith basis vector is sent to eσ(i), so the
entry originally in position i appears in position σ(i). In column-vector notation,

[σ]

⎛⎜⎜⎜⎝
x1
x2
...
xn

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
xσ−1(1)
xσ−1(2)

...
xσ−1(n)

⎞⎟⎟⎟⎟⎠ .

Proposition 2.2. The assignment σ ↦→ [σ] is a homomorphism Sn → GLn(R).

Proof. Using right-to-left composition, for every standard basis vector ei we have
[σ][τ ]ei = [σ]eτ(i) = eσ(τ(i)) = [στ ]ei.

Since the matrices agree on every basis vector, [σ][τ ] = [στ ]. Also, [id] = In, so
[σ][σ−1] = In = [σ−1][σ].

Thus [σ]−1 = [σ−1], which shows that [σ] belongs to GLn(R) and completes the proof. □

Both [σ] and [σ−1] have integer entries, so their determinants are integers. Since they are inverse
matrices,

det([σ]) det([σ−1]) = 1.
Hence det([σ]) ∈ {+1,−1}.
The map σ ↦→ det([σ]) is the composition of the two homomorphisms [·] : Sn → GLn(R) and
det : GLn(R) → R∗. It is therefore a homomorphism, since

det([στ ]) = det([σ][τ ]) = det([σ]) det([τ ]).
This calculation is an instance of the following general fact, which is left as an exercise.

Lemma 2.1 (Composition of homomorphisms). Let G1, G2, G3 be groups, and let φ : G1 → G2
and ψ : G2 → G3 be homomorphisms. Then ψ ◦ φ : G1 → G3 is a homomorphism.

Proposition 2.3. For every σ ∈ Sn, we have sgn(σ) = det([σ]).

Proof. The matrix of a simple transposition exchanges two columns of In, so it has determinant −1.
If σ = si1 · · · sik

is any expression as a product of simple transpositions, multiplicativity gives

det([σ]) =
k∏︂

j=1
det([sij ]) = (−1)k.

Taking a shortest expression, k = ℓ(σ), gives det([σ]) = (−1)ℓ(σ) = sgn(σ). □
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Remark. Approach B gives a second proof of Proposition 2.1, and in fact more. Since the argument
above works for every expression of σ, the number (−1)k = det([σ]) depends only on σ. So Approach
B independently proves the result of Lecture 5 that parity is well defined, without counting inversions.

The kernel of sign. Recall from Lecture 5 the alternating group
An = {σ ∈ Sn : σ is even}.

We can now see it in a new light: An = ker(sgn). Therefore, by Proposition 1.1, An ⊴ Sn.

Example 2.3 (Sign on S3). With x = (1 2 3) and y = (1 3), the values of sgn on the elements of
S3 are:

element cycle decomposition parity sgn
1 (1) even +1
x (1 2 3) even +1
x2 (1 3 2) even +1
y (1 3) odd −1
xy (2 3) odd −1
x2y (1 2) odd −1

Hence
ker(sgn) = A3 = {1, x, x2} = N,

which answers the question from Section 1: N is a kernel. This supplies another proof that N ⊴ S3.

3. Simple groups

There is a very important idea in group theory: start with certain “simple” groups and build more
complicated groups out of them.

Definition 3.1 (Simple group). Recall from last time that a nontrivial group G is simple if its
only normal subgroups are {eG} and G.

As a product of a vast collaborative effort spanning much of the twentieth century, mathematicians
were able to classify all finite simple groups completely– every finite simple group is isomorphic to
one of the following:

(1) Cyclic groups of prime order, Z/pZ. These are the only abelian ones.
(2) Alternating groups An for n ≥ 5.
(3) Groups of Lie type, which come in 16 infinite families.
(4) The 26 sporadic groups, which fit into no infinite family; the largest of them is called the

Monster.
Later in this course we will show that cyclic groups of prime order and the alternating groups An

for n ≥ 5 are simple. How are more complicated groups built from simple ones? The key tool is the
quotient group G/N of a group by a normal subgroup. To construct it, we first need the notion of a
coset.
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